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1. Classes of Functions of Bounded Generalized Variation 

In 1881 Jordan [TJ introduced a class of functions of bounded variation and 
applied it to the theory of Fourier series. Hereinafter this notion was gener- 
alized by many authors (quadratic variation, ^-variation, A- variation ets., 
see [2] -[!]). In two dimensional case the class BV of functions of bounded 
variation was introduced by Hardy [6]. 

Let / be a real function of two variable of period 2ir with respect to 
each variable. Given intervals I = (a,b), J = (c,d) and points x,y from 
T := [0, 2tt] we denote 

/(/, y) := f(b, y) - f(a, y), f(x, J) = f(x, d) - f(x, c) 

and 

/(/, J) := f(a, c) - f(a, d) - f(b, c) + f(b, d). 

Let E = {Jj} be a collection of nonoverlapping intervals from T ordered in 
arbitrary way and let fi be the set of all such collections E. Denote by £l n 
set of all collections of n nonoverlapping intervals Ik C T. 

For the sequence of positive numbers A = {X n }^ =1 we denote 

AF 1 (/) = supsup^^%^ (E = {!,}), 



y Eea 



AF 2 (/) = sup sup ^ {F = {Jj})i 

x Fen m Xj 

AV lM = su P EE^TT^- 

Definition 1. We say that the function f has Bounded A-variation onT = 
[0,2vr] 2 and write f £ ABV, if 

AV(f) := AViif) + AV 2 (f) + AV li2 (f) < oo. 

We say that the function f has Bounded Partial A-variation and write f G 
PABV if 

PAV(f) :=AVi(/) + AV 2 (/)<oo. 

If \ n = 1 (or if < c < A n < C < oo, n = 1, 2, . . .) the classes ABV and 
PABV coincide with the Hardy class BV and PBV respectively. Hence it 
is reasonable to assume that A n — > oo and since the intervals in E = 
are ordered arbitrarily, we will suppose, without loss of generality, that the 
sequence {A n } is increasing. Thus, 

(1.1) 1 < Ai < A 2 < . . . , lim \ n = oo. 

n— >oo 

In the case when A n = n, n = 1, 2 ... we say Harmonic Variation instead 
of A-variation and write H instead of A (HBV, PHBV, HV(f), ets). 

The notion of A-variation was introduced by D. Waterman [1] in one 
dimensional case and A. Sahakian 1 10 1 in two dimensional case. 



Definition 2. Let $-6e a strictly increasing continuous function on [0, +00) 
with (0) =0. We say that the function f has bounded partial <3? -variation 
on T 2 and write f £ PBV$, if 

n 

Vi 1] (f) := sup sup ^$(|/(J i ,y)|)<oo, n = l,2,..., 

Fi 2) (/):=sup sup V$(|/(x, ■/,)!) <oo, m = l,2,.... 

In the case when <3? (u) = u' p , p > 1, the notion of bounded partial p- 
variation (class PBV P ) was introduced in [8]. 

Theorem 1. Let A = {A n = nj n } and j n > 7 n +i > 0, n = 1, 2, 



(1.2) E 



00 

< OO, 

n 

n=l 



toera PAW C HBV. 

2) If, in addition, for some 5 > 

(1.3) In = 0(j n[ i+s]) as n->oo 

and 



(1-4) E 



00 

= OO, 

n 

n=l 



ifcen PAW £ PW. 

Proof. 1) Let / € PABV and 

y l/CM^I _y \f(Ii,Jj)\ , y j/lM^I :=7l 1 j 2 . 
Then according to (II. 2p 



00 , 00 



7l = J-l^l/<^.^) 



< 



1 ^\f(x,Jj)\X 



2 E- su pE 



•J 



i=\ j=i J 



^ 2 El2 su PE a"^ 

«=1 J=l J 



OO , 

A; 



< 2AV 2 (/) 7I < cA^2 (/) < 00. 
Similary, I 2 < cAVx (/) < 00. 



i=\ 



2) In the proof of the second statement of Theorem [T] we use the following 
well known lemma . 

Lemma 1. Let m and x>i, i = 1,2, be two increasing (decreasing) 

sequences of positive numbers. Then for any rearrangement {o~(i)} of the 
set {1,2,..., j} 

j j j 

i=l i=l i=l 

Let ([L3]) and CED be fulfilled and define 

f(x,y):=l ts ' X = ^ V= ^ j<i - j+m i> ».J = 1,2,... ^ 
I 0, otherwise 



where 

(i.5) ^=(Er) > Al+5 



3 j \ 

' "\ J = 1,2,--. 



,i=l 3 



J 



Let x = l/i and let be the smallest integer satisfying 

(1.6) + rrijty > i. 

Since tj is decreasing and Xj is increasing, using Lemma [T] we can write 

^ |/(l/i,J,)| 
sup 2^ — ^~ 

Fen A i 
3 =l j 

i-l £. 1 m i(i) 1 

j=m Aj ~ j(j) i=i Aj i=i J 

Hence 

(1.7) Ay 2 (/) < i. 

For y = 1/j we have 

sup <L — x = *j A, r = L 

Consequently, 

(1.8) AFi(/) < 1. 

Combining (|1.7p and (fL8j) we conclude that / G PABV. 

Now we prove that / HBV. From (jl.3p and fjl ,5j) follows that 

ri = yi<cl^<c^. 

Hence 

(1.9) t r logi>c 7i , J = 2,3,... 
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and from the definition of /, (II. 5p and (jl.4|) we obtain 

1/(^)1 



j=i j i=j+i j=i j j=i j 

Theorem 1 is proved. 

Taking A n = 1 and X n = n in Theorem 1, we get 
Corollary 1. PBV C HBV and PHBV <£ HBV. 

Corollary 2. Let $ and ^ are conjugate functions in the sense of Yung 
(ab < $(a) + ^(b) j and let for some {A n } satisfying (1) 

(1.10) X>(t-) <°°- 

n=l VA " 7 

T/ien PSVi C HBV . In particular, PBV P C HBV for any p > 1. 

Indeed, from the inequality | < <^(a)+^(^) follows that P1?V$ C PABV 
under assumption (fLTOjl . and PABV C #W if CO]) holds. 

Definition 3 (see [9]). T/ie partial modulus of variation of a function f are 
the functions v\ (re, /) and v% (m, /) defined by 

n 

ui(n,/):=sup sup ^ |/ (/», y)| , re = 1,2,..., 

2/ {iijefin i=1 



^2(m,/):=sup sup V"|/(x, J k )\ , m = l,2, .... 

For functions of one variable the concept of the modulus variation was 
introduced by Chanturia [5]. 

Theorem 2. If f £ B is bounded on T 2 and 



EJ Vj (re, /) 



i n 

n=l 



Proof. Using Abel transformation we can write 

E^ - E{l~)±if(^it\n^) 

k=i fc=i v 7 1=1 k=i 

m-l 1 / fc \ : / 2 / fc \ */ 2 

^ E^(Ei/(^)iJ (Ei/(^)iJ + ( 



m-l /r / fc \ 1/2 

* «E^(Ei/(-^')ij + 



c 



oo 



^ C E fc 3/2 +C<C<°0- 
fe=l 

Consequently, 

(l.n) Fy 2 (/)<oo. 

Analogously, we can prove that 
(1.12) tfVi(/)<oo. 
Using Hardy transformation we obtain 

n-lm-1 1\/1 1 x * J ' 



- EE tT-rFiHj-jTTj ££!/«.'. 

1=1 j = l V < / \J J / ; =1 g=1 

1 m_1 /I 1 \ n j 

(-) ^EG-^EEi/tt.*)! 

n-l /1 1 x i m 

4eQ-jtt)EEi/«.«i 

i=l XJ J y 1=1 s=l 
1 n m 

+— EEl/( J *' J i)l 

<r»m ^ — ^ ^ — ^ 



ran 

i=i j=i 

= I + II + III + IV. 



Since 



EEl/( 7 '' J «)l <2isup^|/(x,J s )| < 2i^ 2 (j,/) 



and 



J=l s=l 



E E 1/ Js ) I ^ su p E 1/ ^ y) I ^ ft f) 
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we can write 

11 / ■ \ 1/2 / • i \ 1/2 

n-lm-1 t I 1 3 \ I 1 3 * 



J < 



i=l j = l J \/=l 8=1 / \l=l 8=1 



(1.14) < 2 gg^Cj,/)^(<,/) 
i=i j=i Z J 

< f \Ai g /) f g /) ^ _ 

- ,-3/2 2^ ,-3/2 <0 °' 

i=l ' j=l J 

m-1 / n j \ 1/2 / n j \ */ 2 

" * ^Ei EZ;i/«.*)i EEi/«.*)i 

i=l J \i=l 8=1 / \z=i S=l / 



m— 1 



(i.i5) < -E 



n * — ' i 2 

i=l 17 



y/vi (n,f) A V u 2 (j, /) 



< —2^ -3/2 <c<oo,n = l,2,..., 

i=i J 



Analogously, we can prove that 

(1.16) III<c<oo, 



(1.17) J 1/ < 2y < c < oo, ra,m = 1, 2, .... 

V n m 

Combining (|l.lip - ([1.17p we conclude that / G HBV. Theorem 2 is proved. 

2. Convergence of two-dimensional trigonometric Fourier 

series 

Let / G L 1 (T 2 ) , T 2 := [0,2vr] 2 . The Fourier series of / with respect to 
the trigonometric system is the series 



S[f]:= £ f(m,n)e imx e in v, 



m,n=—oo 

where 

f(m, n) = ^ jT* f(x, y)e- imx e- in Vdxdy 

are the Fourier coefficients of the function /. The rectangular partial sums 
are defined as follows: 

M N 

S MjN [f,(x,y)]:= E /K")^. 

m=-M n=-N 
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In this paper we consider convergence of only rectangular partial sums 

(convergence in the sense of Pringsheim) of double Fourier series. 

We denote by C(T 2 ) the space of continuous functions which are 2tt- 
periodic with respect to each variable with the norm 

||/|| c := sup \f(x,y)\. 

For the function / defined on T 2 we denote by / (x =t 0, y ± 0) the open co- 
ordinate quadrant limits (if exist) at the point (x, y) and let \ ^2 f (x ± 0, y ± 0) 
be the arithmetic mean 
(2.1) 

i{/ (x + 0, y + 0) + / (z + 0, y - 0) + / (x - 0, y + 0) + / (x - 0, y - 0)}. 

The well known Dirichlet- Jordan theorem (see [7]) states that the Fourier 
series of a function /(x), x G T of bounded variation converges at every 
point x to the value [/ (x + 0) + / (x — 0)] /2. If / is in addition continuous 
on T the Fourier series converges uniformly on T. 

Hardy |6j generalized the Dirichlet-Jordan theorem to the double Fourier 
series. He proved that if function /(x, y) has bounded variation in the sense 
of Hardy (/ G BV), then S [/] converges at any point (x,y) to the value 
iE/^iOiJ/iO). If / is in addition continuous on T 2 then 5 [/] converges 
uniformly on T 2 . 

Theorem S (Sahakian [10J). The Fourier series of a function f(x,y) G 
HBV converges to \ ^2 f (x ± 0,y ± 0) at any pomi (x, y) ; where the quad- 
rant limits 112.1]) exist. The convergence is uniformly on any compact K , 
where the function f is continuous. 

Theorem S was proved in [10J under assumption that the function is 
continuous on some open set containing K while Sargsyan noticed in |llj . 
that the continuity of / on the compact K is sufficient. 

Analogs of Theorem S for higher dimensions can be found in |12| and [13] . 
Convergence of spherical and other partial sums of double Fourier series of 
functions of bounded A-variation was investigated in details by Dyachenko 
(see [2], |15| and references therein). 

The first author [9] has proved that if / is continuous function and has 
bounded partial p-variation (/ G PBV P ) for some p G [l,+oo) then S [/] 
converges uniformly on T 2 . Moreover, the following is true 

Theorem G (Goginava [9]). Let f G C (T 2 ) and 



\/vj (n, f ) 

v ' ' <oo, j = 1,2. 



n 3/2 
n=l 



Then S [f] converges uniformly on T 2 . 

Theorems 1,2, Corollary 2 and Theorem S imply 
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Theorem 3. Let f G PABV with 



j=l J J 



Then S[f] converges to ^2f(x,y) in any point (x,y), where the quadrant 
limits h2.1\) exist. The convergence is uniformly on any compact K , where 
the function f is continuous. 

Theorem 4. Let f G B and 



Then S [/] converges to f (x ± 0, y ± 0) in any point (x, y), where the 
quadrant limits \2. 1}) exist. The convergence is uniformly on any compact 
K , where the function f is continuous. 

Corollary 3. Let f G B and vi (k,f) = 0{k a ),v 2 (k,f) = O {k p ) , < 
a,/3 < 1. Then S [f] converges to | ^ / (x ± 0, y ± 0) in any point (x,y), 
where the quadrant limits \2. 1\) exist. The convergence is uniformly on any 
compact K , where the function f is continuous. 

Theorem 5. Let f G PBV P , p > 1. Then S [f] converges to \ f (x ± 0, y ± 0) 
in any point (x, y), where the quadrant limits in 112. 1\) exist. The convergence 
is uniformly on any compact K , where the function f is continuous. 

From Theorem [3] follows that for any 5 > the Fourier series of the 

function / G P \ - — r^— > BV converges to \ ^2 f (x ± 0, y ± 0) in any point 

(x,y), where the quadrant limits (|2.ip exist. Moreover, one can not take 
here 5 = (see Theorem [6]) . It is interesting to compare this result with 
that obtained by M. Dyachenko and D. Waterman in [16] . 

Dyachenko and Waterman [16] introduced another class of functions of 
generalized bounded variation. Denoting by T the the set of finite collections 
of nonoverlapping rectangles := [ctk,/3k] X [7fc; £>£,•] C T 2 we define 



Definition 4 (Dyachenko, Waterman). Let f be a real function on T 2 := 
[0,2vr] x [0,2vr]. We say that f G A*BV if 

AV(f) := AVi(f) + AV 2 (f) + A*V (/) < oo. 

Theorem DW ([16]) ■ // / G {^^j BV , then in any point (x,y) the 
quadrant limits h2.1\) exist and the double Fourier series of f converges to 



n=l 



E 



oo 



y/vj ( n , f) 

n 3/2 



<oo, j = l,2. 
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It is easy to show (see[16j), that j j BV C HBV, hence the conver- 
gence part of Theorem DW follows from Theorem S. It is essential that the 
condition / 6 {5^;} BV guaranties the existence of quadrant limits. 

The next theorem in particular shows that in Theorem S the condition 
HVi^if) < co is necessary, i.e the boundedness of partial harmonic variation 
is not sufficient for the convergence of Fourier series of continuous function. 

Theorem 6. Let A = {X n = wj n } where 7„ is an decreasing sequence 
satisfying il.3\) and \1.4\ )- Then there exists a continuous function f £ 
PABV with Fourier series that diverges at (0,0). 

We need the following simple lemma that easily follows from Lemma [TJ 
Lemma 2. Let the function g(t) be defined on T and 

= ti < t 2 < . . . < t 2m = 2tt. 
Suppose g is increasing on [t^ , if i is odd and is decreasing, if i is even. 
If 

\g(U+i) - g(U)\ > \g(t i+ 2) - g{t i+l )\ , % = 1, 2, . . . , 2m - 2, 

then 

i=l 

for any sequence A = {A n } satisfying li 1. 

Proof of Theorem® It is not hard to see, that for any sequence A = {A n } 
satisfying JUJ) the class C(T 2 ) n PABV is a Banach space with the norm 

WfWpABV ■= \\f\\ C + PW(f). 
Let A = {X n } be as in Theorem [6] and denote 



iri ir(i + 1) 



vrj ir(j + 1) 



N + l/2' AT + 1/2' 



_A^ + l/2' A^ + l/2 
Define tj and nij as in (|1.5p and consider the function 

(2.2) f N {x,y)= t jX A i A x >y) sin ( N +l) x - sin ( N + l 

where Xa( x i V) is the characteristic function of the set A C T 2 and 

W :={(i,j) : j <i<j + m j: 1 < j < N s } , N s = (- j 



Each summand in the sum (|2.2|) is continuous on the rectangle Aij and 
vanishes on its boundary, hence /at G C(T 2 ). 

Next, in view of Lemma [21 using the same arguments as in the proof of 
(fl~7j) and ([Tg|> . we get 



12 



Hence f N G PABV and 

(2.3) MnWpav <3, iV = 1,2, 

Observe that N$ < N and j + mj < TV, if j < N s , hence A i} j C T 2 , if 
(i, j) S W. Taking onto account (|1.5p and (|1.9p . for the square partial sum 
of the Fourier series of /at at (0, 0) we get 



TT -SnMIn, (0,0)] = / fN(x,y)D N (x)D N (y)dxdy 
Jt 2 

. a . sr^ f sin 2 (JV + i) x • sin 2 (TV + ±) y , , 
2.4 = }tj i 2 > - , y K 2 -^-dxdy 



'2 ""'2 



^ c Ef E ->cx;7 io g(j+^)>cx;7 

i=i J »=i+l j=i J 3=1 



oo. 



as N — > oo, where c is an absolute constant. 

Applying the Banach-Steinhaus Theorem, from (|2.3p and (|2.4p we obtain 
that there exists a continuous function / E such that 



sup ISjv,.^/, (0,0)] | = oo. 
N 



□ 



References 

[I] Jordan C, Sur la series de Fourier. C.R. Acad. Sci. Paris. 92(1881), 228-230. 

[2] Wiener N., The quadratic variation of a function and its Fourier coefficients. Mas- 
sachusetts J. Math., 3 (1924), 72-94. 

[3] Marcinkiewicz J. On a class of functions and their Fourier series. Compt. Rend. Soc. 
Set. Warsowie, 26( 1934), 71-77. 

[4] Waterman D., On convergence of Fourier series of functions of generalized bounded 
variation. Studia Math., 44, 1(1972), 107-117. 

[5] Chanturia, Z. A, The modulus of variation of a function and its application in the 
theory of Fourier series, Soviet. Math. Dokl. 15 (1974), 67-71. 

[6] Hardy G. H., On double Fourier series and especially which represent the double zeta 
function with real and incommensurable parameters. Quart. J. Math. Oxford Ser. 
37(1906), 53-79. 

[7] Zygmund A., Trigonometric series. Cambridge University Press, Cambridge, 1959. 

[8] Goginava U., Uniform convergence of Cesro means of negative order of double Walsh- 
Fourier series. J. Approx. Theory. 124 (2003), 96-108. 

[9] Goginava U., On the uniform convergence of multiple trigonometric Fourier series. 
East J. Approx. 3, 5(1999), 253-266. 

[10] Sahakian A. A., On the convergence of double Fourier series of functions of bounded 
harmonic variation (Russian). Izv. Akad. Nauk Armyan. SSR Ser. Mat. 21, 6(1986), 
517-529; English transl., Soviet J. Contemp. Math. Anal. 21, 6(1986), 1-13. 

[II] Sargsyan O. G., On the convergence and the Gibbs phenomenon of multiple Fourier 
series for functions of bounded harmonic variation (Russian). Izv. Akad. Nauk Armenii 
Mat, 28, 3(1993), 3-20, English transl. in J. Contemp. Math. Anal, 28, 3(1993). 

[12] Sablin A. I., A-variation and Fourier series (Russian), Izv. Vyssh. Uchebn. Zaved. 
Mat. 10 (1987), 66-68; English transl. in Soviet Math. (Iz. VUZ) 31 (1987). 



13 



[13] Bakhvalov, A. N. Continuity in A-variation of functions of several variables and the 

convergence of multiple Fourier series (Russian). Mat. Sb. 193, 12(2002), 3-20; English 

transl.in Sb. Math. 193, 11-12(2002), no. 11-12, 1731-1748. 
[14] Dyachenko M. I, Waterman classes and spherical partial sums of double Fourier series, 

Anal. Math. 21(1995), 3-21 
[15] Dyachenko M. I, Two-dimensional Waterman classes and u-convergence of Fourier 

series (Russian). Mat. Sb. 190, 7(1999), 23-40; English transl.in Sb. Math. 190, 7- 

8(1999), 955-972. 

[16] Dyachenko M. I.; Waterman D. , Convergence of double Fourier series and W-classes, 
Trans. Amer. Math. Soc. 357 (2005), 397-407. 



